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ABSTRACT 


Gaussian noise is introduced when analyzing the error characteristics of a novel single-frame 
quaternion estimator, establishing the fourth-order approximate covariance matrix expression 
to address normalized additive errors. In contrast to the second-order approximations, these 
expressions not only provide increased precision but also alleviate issues related to singularity. 
This paper presents a comprehensive derivation of the individual components within the analytical 
expressions, all conducted within the framework of four-dimensional algebra. 
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1 Introduction 


The performance of attitude estimators for spacecraft is of paramount importance, as it directly 
impacts the success or failure of missions. This task faces the continuous challenge of increasing noise 
stemming from various sources, including sensors, environmental factors, and mechanical vibrations. 
These noises are inevitable and introduce non-negligible errors in the estimation process. 


Gaussian noise, commonly referred to as white noise, is a fundamental concept in the fields of 
statistics and signal processing, permeating various scientific and engineering applications. It represents 
a form of random variation with a distribution following the classic curve of the Gaussian (normal) 
distribution. The hallmark of this noise is its zero mean, with the spread of its values determined by 
the standard deviation. This fundamental concept plays a pivotal role in modern science because it 
simulates the randomness and uncertainty inherent in many complex processes in both the natural world 
and technological systems. 


Based on the simple pose estimator proposed in [1] and its error analysis, our focus is on the 
covariance matrix of the estimated error. This is a crucial task because this matrix measures our 
confidence in the estimate. To address the interference caused by noise, we need to develop more 
accurate and reliable numerical expressions. When constructing the normalized additive fourth-order 
approximation covariance matrix, it is assumed that both the measurement and observation vectors are 
affected by Gaussian noise. This numerical expression is more accurate than the traditional second-order 
approximation result, while avoiding the trap of mathematical singularities. 


2 Preliminaries 


This section follows [1] , the additive quaternion error and bias expression аге as follows: 


Ag = МАД + №9 (1) 
E {Ag} = Mq (2) 
Aq — E {Ag} = Ni Aq + (N2 – №) (3) 
where 
Ni = 1, - qq" (4) 
гат. | nee 
№ = АДАД? + 5 tr(MAGAQ") 1, (5) 
А 1 
№ = Р, + 5 tr(MP,) I, (6) 
M = 1, - Зад! (7) 


The covariance of the normalized quaternion additive error is as follows and the derivation of Eq.(8) 
is provided in Appendix A : 


BM - Е(В,44 Ада) - S E(B aq" [Ad MAdI]) 

E i tr(MP,) Гаа qq Ai) - ŻE {CM B,) БА quM") 1,) " 
балыг зан! 4 аа” ш(МААА2”) 1,) 
+ SEC MAGAG T) L.qq’ AGAq’ ) + SECULAR T) Lqq! tr(MAGAq’) І.) 


The fourth-order terms іп А. can be written as follows and the derivation of Eq.(9) is also provided in 
Appendix A: 


Гу, = + EA Tq) Ада”) - Puri Ta Ada’ ) + E((Ad" Ad) AdAd' аа ) 


1 "E E eo DN 9 JT cd 
+3E ((Ad  Ad)^qq' ) – 5E (Аба) (Ad! AG) qq’ ) + ДЕ (Аба) 447) 


3 Gaussian noise case 


Let = [41, 42, 43, q4]", and AG = [x1, x2, x3, x4], (1,32, X3, ха) are zero-mean jointly Gaussian 
random variables and the standard deviation is 0): 


~ М(0, біў) 
The joint moment [2] is: 


EixixjXgXm) = E{xixj}E{XkXm} + E(xixk E(x jim} + E{xiXm}E{x;Xk} (10) 


(11) 
(12) 
(13) 
(14) 
(15) 


ElxiXjXkXm] = GijOkm + ОО jm + Timo jk 
E(x2xjxy) - cc + 20730 

Е(хіхі) = 
E(xixj) 
E{x}} = Заў 


2-22 2 
орог) + 201) 


2 
30; Oi; 


where Р, = 


Then derive a numerical expression for each term in Eq.(9), the proofs of Eqs. (16)-(21) are provided 
in Appendix B. 


There is the expectation matrix for term 1: 


Е((А4 q) Ада”) (16) 


340} + LACA + 2015) 

+ 6414201012 + 43(010% + 2073) 
+ 6414301013 + 6414402014 
+94(9204+ 2074) 
+2q2q3 (0? 03 + 2012013) 

+ 2q2q4( 0? 024 + 2012014) 


+2q3q4( 0? 034 + 2013014) 


3q? + 3q202012 

t 24142(ов202 + 2075) 

+ q2(03012 + 2013073) 

+ 2q193(77023 + 2012013) 
Ж24243(03 13 + 2012073) 

+ 4(02012 + 201404) 

+ 24144(0?20эд + 2012014) 

+ 24254(02014 + 2012024) 

+ 243440912034 + 013024 + 014023) 
30201013 + 34202013 

+ q2(03013 + 2012023) 

+ 2q192(o7 023 + 2012013) 

+ 24143(0203 + 2073) 

+ 24243(01202 + 2013023) 

+ 42(02013 + 2014034) 
*2q1g4(01034 + 2013014) 

+ 24344(02014 + 2013014) 

+ 242440912034 + 013024 + 014023) 
3420204 + 34202014 

+ q2(03014 + 2013024) 

+ 24142(0204 + 2012014) 

+ 24144(0?02 + 2074) 
Ж24244(0:202 + 2014024) 

+ q2(03014 + 2013034) 
*2qiqi(07034 + 2013014) 

+ 203q4(02025 + 2024034) 

+ 24243(912034 013024 + 014023) 


343002 + 34202012 

+ 2q1q3(0202 + 20-,) 

+ G3 (03012 + 2013073) 

+ 29193(77 023 + 2012013) 

+ 24243(02013 + 2012023) 

+ 42(02012 * 201404) 

+ 24144(020э4 + 2012014) 

+ 24294(0304 + 201204) 

+ 243440912034 + 013024 + 014023) 


0р. Bey) 2 
34595 + q1(0105 * 2015) 


+ 6414202012 + 6424402074 
+ 4 (0202 + 2033) 

E 692930303 

+ 2q193(03013 + 2012073) 

+ 42(о302 + 2024) 
*2q1g4(02014 + 2012024) 


+ 2q3q4( 03034 2023024) 


42 (0203 + 2012013) 

+ 3420203 + 34502032 

+ 24192(0303 + 2012073) 
Ж24143(0Х 2 + 2013023) 
+ 24243(0202 + 202) 

+ qi(04025 + 2024034) 

+ 24244(030зд + 2023024) 
+ 2q3q4(03024 + 2023034) 


+ 2q1q4(012034 + 013024 + 014023) 
2, 2 
а (9094 + 2012014) 


+ 30203053 + 34102074 
Ж24142(02014 + 2012024) 

+ 24144(020о + 201404) 

+ 24244(030% + 2034) 

+ 4309304 + 2023034) 

+ 24243(030зд + 2023024) 

+ 24344(020эз + 2024034) 

+ 24143(012034 + 014073 + 013074) 


34302013 + 34202013 

+ 45(02013 + 201203) 
*2q142(01023 + 2012013) 
t 24143 (0103 t 201) 
Ж24243(01204 + 2013023) 
+ 4200203 + 2014034) 
*2q144(01034 + 2013014) 
+ 2q3qa(o3 014 + 2013014) 


+ 24244(912034 + 013024 + 014023) 
272 
qi (r 0723 + 2012013) 


+ 343072 03 + 3420203 

+ 2q192(03.013 + 2012023) 

+ 2q193(03 012 + 2013023) 

+ 24243(0203 + 2033) 

+ q1(02025 + 2024034) 

+ 24244(020з4 + 2023024) 
*2q3q4(03024 + 2023034) 

+ 2q1q4(012034 + 013024 + 014023) 


34303 Ж 6929303023 

+ 42(0204 + 2033) 

+ 41(о202 + 2073) 

+ 6414302013 + базаад 034 
*2qiqa(02014 + 2013034) 

+ qi(oio2 + 2034) 
Ж24244(040д + 2023034) 


Ж24142(04 12 + 2013073) 


Gi (07 O34 + 2013014) 

+ 3420304 + 342020цз 

+ 2q193(03 O14 + 2013034) 
+ 2q29q3(03 042 + 2023034) 
+ 24344(020? + 202) 

+ 42(020э4 + 2023024) 

+ 24344(02025 + 2024034) 
+ 24144(02013 + 2014034) 


+ 29192(912034 + 014023 + 013024) 


34202014 + 34202014 

se 43(02014 + 202024) 
+24142(9?0ә4 + 2012014) 
+ 24144(0202 + 20?) 

+ 24244(01202 + 2014024) 
+ 45 (02014 + 2013034) 

+ 2q19q3(07 034 + 2013014) 
+ 203q4(02025 + 2024034) 


+ 24243(912034 + 013024 + 014023) 
2-2 
910994 + 2015014) 


+ 34202 ваз + 3420204 

+ 24192(03014 + 201204) 
+2q1q4( 07012 + 2014024) 
+ 24244(020? + 2024) 

+ q3(03 0724 + 2073034) 
+2q2q3( 03034 + 2023024) 
+ 2q3q4( 0} 023 + 2024034) 


+ 2q1q3(012034 + 014023 + 013024) 
2-2 
9109934 + 2013014) 


+342020 + 34202043 
+24143(03014 + 2015034) 
+ 24243930 + 2023034) 
+ 24344(0302 * 2034) 
+ q1(03034 + 2053024) 
+ 24244(020ә3 + 20240734) 
Ж 24144(02013 + 20140734) 
+ 2q1q2(012034 + 014023 + 013024) 
34404 + 6024404024 
+ (9304 + 203,) 
*qi(o103 + 2014) 
+ 6414404014 + 6434404034 
+ 24142(02012 + 2014024) 
+ 42(0202 +202) 
+ 24243(0203 + 2024034) 
+ 24193(02013 + 2014034) 


There is the expectation matrix for term 2: 


34101 43414302 012 + 9414401014 
+34143(0103 +20) 

+ 9419207015 + 341402013 
+ Заста: + 2073) 

+ 3414243(93012 + 2013023) 
+ 9414302013 + 3419102014 
+ 3414243(03013 + 2012023) 
+ 6424243(0?0эз + 2012013) 
+34149400104 + 2074) 

+ 341424(020ү2 + 201404) 
+341994004013 + 2014034) 
+ 3414244(02014 + 201204) 
Ж.ба|4244(004 + 20130714) 
+ 3414244(02014 + 2013034) 
+ 6424344(02озд + 2013014) 


+ 641429344(912034 + 013024 + 012034) 


34102012 + 3q143(07202 + 2с?) 
+ 941420 012 + 94142440 014 
+ 341420 + 3424303013 

+ 393q3(03 O12 + 20713073) 

+ Заіра (ата? + 201) 

+ 39393(03 013 + 2012023) 

+ 6919393(77 0723 + 2013013) 

+ 941424302013 + 3424492014 
+34242002012 + 20140724) 

+ 341424(0?02 + 2074) 
Ж.34:4341(0103 + 2014034) 

+ 34344(02014 + 2012024) 

+ 6919394(77 024 + 2013014) 

+ 3429244(02014 + 2013034) 

+ 642q3q4(012034 + 013024 + 012034) 
+ 691929394(07 034 + 2013014) 
34104 013 + 94143440 O14 

+ ЗатаХ(о202 + 201) + 3414501 
t 9014202013 + 3939303012 

+ Зазаз(аз 013 + 2012023) 
+3414543(0103 + 2073) 

+ 343q4(02014 + 2013034) 

+ 6014242 (01025 + 2012013) 

+ 9420540301012 + 3939404014 
+ 342421(0203 + 2014034) 

+ 391934,(O; 04 + 202) 

+ 3q2q3q4 (02012 + 27140724) 

+ 342q3qa (02014 + 201304) 

+ 691929394(07 024 + 2012014) 
+ 6419244(0?озд + 2013014) 

+ 6q243q4( 712034 + 713024 + 712034) 
+ 39293(03 O12 + 2013073) 
34102014 + 3414 (0702 + 202) 
+ 941440 014 + 941434401015 
*3q1q401 + 344402012 

+ 3424(02014 + 2012024) 

+ 3414244(0?02 + 202) 

+ 3qaq1 (02013 + 2014034) 

+ 6413242 (01024 + 2012014) 

+ 94142440 oir + 3939403013 
+ 34343 (03014 + 207130734) 

+ 3q14244(0203 + 201) 

+ 3q242q4(02012 + 2013023) 

+ 3424344(02013 + 2013073) 
Ж.ба1424344(010э3 + 2012013) 
Ж.батаза2(0:204 + 2013014) 
Ж.баз4341(012034 + 013024 + 012034) 


+ 34244(04012 + 2014024) 


-3E((Ad' q)*Agq’ } 


34503012 + 3q193(0 оз + 2015) 


* 941420 712 + 941424401014 
+341420 + 3424303013 
+34545(03012 + 2013023) 
+ 3q19293(o7 0% +20?) 
+ 34543(03013 + 2012023) 
+ 6414243(02053 + 2012013) 
* 991424302013 + 342940204 
+ 34542(0202 + 2014024) 
+341424(0202 +20?) 
+ 342434494013 + 2014034) 
* 34244(02014 + 2012074) 
+ 6414544(0?04 + 2012014) 
+ 3424244(92014 + 2013034) 
+ 6424344(912034 + 713024 + 712034) 
Ж.бат424344(01 034 + 2013014) 
+ 3424303073 + 9934403024 
34102 + 3424200202 + 207,) 
+ 941403012 + 3414201012 
+ 343430303 + 2033) 
+ 3qiqoq2 (02012 + 2013073) 
+ 9939303023 + 34024,0404 
+ 6919593(05013 + 2012023) 
+ 3414243(0:203 + 2012013) 
+ 3430409304 + 2034) 
+ 3414244(04010 + 20404) 
+ 3424342 (01023 + 20240734) 
+ 6419544(02014 + 201204) 
+3424244(02оэд + 2012014) 
+ 3424244(020ә4 + 2023034) 
+ 942q3q4(02034 + 2023074) 


+ 641424344(912034 + 013024 + 012034) 


34303073 + 9434303023 

+ 3414391303 + 2013023) 
+945434403074 + 3414307012 
* 3424: (07023 + 2024034) 
*3414243(0102 + 2015) 

+ 34344(03024 + 2023034) 

+ 6414245(03013 + 2012073) 

+ 941454302012 + 393940404 
* 34143 (01023 + 2012013) 
+341434400204 + 2012014) 

+ 3414394093012 + 201404) 

+ 342434(0302 + 2015) 

+ 641424344(02014 + 2012024) 
+ 3450303 + 39q293(0303 + 2024) 
+ 6424244(030з4 + 2023024) 

+ 6143440012034 + 013024 + 912034) 
3440404 zd 9934934403023 

+ 3q19g}(C1204 + 201404) + 3454403 
+ 9424202024 + 341440101 

+ 34242(02402 + 2023034) 
*3414244(0103 + 2075) 

+ 3q3q4 (07023 + 204034) 

+ 6414244(03014 + 2012024) 
+941459403012 + 3450403023 
+ 34194(91094 + 2012014) 

+ 3424344092053 + 2012013) 

+ 6424394(03034 + 2023024) 

+ 3424244(0203 + 2033) 

+ 691929344(03013 + 2012073) 
+ 34291(0202 + 203,) 

+ 3qudiqa(3012 + 2013073) 


2 
+ 6419344(912034 + 013024 + 012034) 


34103013 + 942434402014 
+ 3q143 (010 + 2073) + Заїазот 
+ 9910307 O13 + 3434303012 
+ 34242(02013 + 201203) 
+ Зата23(0202 + 201) 
+ 3q3q4( T} T14 + 2013034) 
+ 6919293(77 023 + 2012013) 
+ 94242430202 + 334104014 
+ 34343 (03015 + 2014034) 
+ Зат4з43(0202 + 202) 
+ 34243q2 (02012 + 2014024) 
+ 342q3qa (02014 + 2013024) 
+ 691929394(07 024 + 2012014) 
+ 6414244(020з4 + 2013014) 
+ 69293 94(12034 + 713024 + 012034) 
+ 34245(92012 + 2013073) 
303020 + 9420202053 
+ 34143 (01302 + 2013023) 
+ 94543440204 + 34014301015 
+ 3414, (02055 + 2024034) 
+ За14243(0202 + 201) 
+ 3q3q4(03 024 + 2023034) 
+ 6014245 (03013 + 201203) 
+941454303912 + 343440204 
+ 34143 (01025 + 201013) 
+ 3q1q3q4(01024 + 2013014) 
+ 3qiqaqi (02012 + 2014024) 
+ З342434:(0202 + 202) 
Ж.бат424344(0204 + 2012024) 
+ 3939303 + 39293 (0303 +2033) 
+ 6424244(020з4 + 2023024) 
+ 69195 94(12034 + 713024 + 712034) 
За01 + 207) + 9939403 044 
+ 3414509203 + 9424303025 
+ 94142013 + 34014301013 
+ 3424:(0202 + 202.) 
+ 6314242 (02012 + 2013023) 
+ 3939303023 + 3054102034 
+ 3419543(02013 + 201303) 
+ 3d1q243(01023 + 202013) 
+ 34341(0202 + 202) 
*3q1454, (02015 + 2014034) 
+ 3424341094093 + 2024034) 
+ 6014204 (02014 + 20130734) 
+ 3414344(9т0за 42013014) 
+ 342q3q4(02034 + 20230724) 
+ 6424344(020д + 2023034) 


+ 641424344(912034 + 015024 + 012034) 


34101034 + 3454405023 + 3454403 
+34144(01304 + 2014034) 

+ 9930503 O34 + 3414407013 

+ 3414: (02034 + 2013014) 

+ 34143q4(0103 + 2073) 

T Заза1(о202 + 20%,) 

+ 34244(020з4 + 202304) 

+ 94142440203 + 94242440203 
+ 3414244(01Оэ3 + 2012013) 

+ 6414341093014 + 2013034) 

+ 6454344(03503 + 2033) 

+ 3424394(0240% + 2023034) 

+ 691929394(03 012 + 2013023) 

+ 3q193q4(73013 + 2012023) 

+ бат4241(012054 + 013024 + 012034) 


+ 3q2q4 (02304 + 204034) 


(17) 


30107014 + 3414 т 04 + 2074) 


D 941410 014 + 94243440?оз 
Е 3414401 + 344492012 
+ 34541003014 + 2012024) 
*3q14244(0103 + 2075) 
+ 3434403013 + 2014034) 
+ 6414242(0?од + 2013014) 
+ 94242440202 + 3434402013 
+ 34344(93014 + 2013034) 
+ 3414344(0?03 + 2073) 
+ 34342q4(02012 + 2013073) 
+ 3424344(0203 + 2012023) 
+ 6q1q243q4( T? 023 + 2012013) 
+ 641434, (01034 + 2013014) 
+ 6929393 (012034 + 713024 + 012034) 
Ж.34241(01012 + 2014024) 
34,0404 + 993934403 923 
+ 34143 (01207 *2014024) + 34054403 
+ 942020204 + 3414401012 
+ 34d, (02403 + 2023034) 
*3414244(0103 + 2015) 
+ 3qsq (04025 + 2024034) 
+ 6214244 (05014 + 201204) 
+ 941459492912 + 303410103 
+ 341g (01054 + 2012014) 
+ 34/q3q4(02025 + 2012013) 
+ 60243, (02034 + 2023024) 
+ 3424244(9302 + 202.) 
+ 641424344(02013 + 2012073) 
+344(0202 * 2024) 
+ 3q14244(02012 + 2013023) 
+ 6919393 (0120734 + 713024 + 012034) 
34101034 + 343440303 + 343403 
*3qiqi (01302 + 2014034) 
+ 9434405034 + 3414401013 
+ 3414401034 + 2013014) 
*3414544(0102 + 2073) 
+ 34391(0202 +202) 
+ 3424:(030з4 + 2023024) 
+ 941934402013 + 9924394030723 
+ 342424409053 + 2012013) 
+ 614344003014 + 2013034) 
+ 6454344(0203 + 20733) 
+ 3424341092403 + 20230734) 
+ 641924344(0202 + 2013023) 
+ 3414244(92013 + 2012023) 
hi 6414244001204 + 713024 + 012034) 
+ 3424 (02307 + 2024034) 
34101 T 94140204 + 34034402034 
+ 9424404024 + 9434404034 
»3414:(001 + 2074) 
*345q,(0303 + 2034) 
+ 6414244(94012 + 201404) 
+ 34344 (0303 + 2054) 
+ 6q1q344 (04015 + 2714034) 
+ 622434, (04023 + 204034) 
+ 3414402014 + 3454402074 
*3q1d2q4(02014 + 201204) 
+ 34142q4(01024 + 20120714) 
+ 3414244092014 + 2013034) 
+ 3q242d4(02024 + 2023034) 
+ 34!q3q4(02034 + 2013014) 
+ 342q3q4(02034 + 202304) 
+ 641429344(912034 + 013024 + 012034) 


There is the expectation matrix for term 3: 


E((Ad" Aq) AGAq’ qq’ } (18) 
Зо? + 0102 +207, 307012 + 302012 307013 + 3072013 307014 + 3072014 
+ 0703 +207; + 03012 + 2013073 + 05013 + 2012023 + 05014 + 2012024 
+ 0704 +207, +04012 + 2014024 + 02013 + 207140734 + 02013 + 207140734 
307012 + 302012 шиг шилээ 0103 + 2012013 07024 + 2012014 
+ 02012 + 2013073 cd + 20753 + 302053 + 3072093 + 303004 + 3072074 
E + 02010 + 2014024 +0303 +202, + 02023 + 2024034 + 03004 + 203034 T 
307013 + 303013 07073 2012013 с?оз + 2073 +303 T? 034 + 2013014 аа 
+ 05013 + 2012023 + 302053 + 303023 + 0503 +205, + 030734 + 2025024 
+ 07013 + 2014034 + 07023 + 2024034 + 0304 + 20%, + 303034 + 304034 
3o2014 + 307014 OF 024 2012014 T? 034 2013014 010; +207, + 304 


2 2 2 2 
+ 05014 + 2012024 + 305024 + 304024 + 05034 + 2023024 *0202 + 202, 


2 2 2 2 2.2 2 
+ 0,013 + 2014034 + 03024 + 2023034 + 303034 + 304034 +0304 + 20%, 


There is the expectation matrix for term 4: 


1 
ELAY AA 487) (19) 


— 


213(02 - Ge + сі + са) + 2(0: 02 - 20:15 - 0162 + 2013 


= 


2 а? 2 
+ Ojoq + 200, +0305 + 203, +0405 +202, +0202 + 203,)]aq 


There is the expectation matrix for term 5: 


2 
-SE{(Aq" q) (Ad  Ad)qq") (20) 


2 2 
Затоү - a Е + 20?, * O1 а + aT воі г + 2с?) 
2 2 
34203 + 42(0? 95 t on. + 05 c2 + 205; * 05 сі + 2071) 
2 
ба142(02 012 +С 2912) + 2¢q19q2(o3 O12 + 2013023 + 04012 + 2014024) 
2.29 2 2 2 2 LEA 2 
34304 - qi(c; сз +203 + 0503 + 205, + 0304 + 2034) 
2 2 2 
6q193(03 013 + 01013) + 2д143(05 613 + 2013023 + 01013 + 2014034) | | р 


| 
NIL 


6q2q3(05 023 + 72023) + 29293(o7 023 + d + 02073 + 2024034) 
34101 - (еў 0; + gf, t C0, + Quo. + 9s gi + 20%) 

6q1q4(07014 + 02014 + 2q1q4(05014 + 2012024 + 03 714 + 207130734) 
6q5q4(05024 + 0204) + 24244(0(024 + 2012014 + 02024 + 2023034) 
64344(920з4 02034) + 243q4(0 1034 + 2013014 020734 + 2023024) 


There is the expectation matrix for term 6: 


9 
15 (Аб 4) аа) (21) 


38101 + 34203 + 12419203012 + 64242(0?03 + 20?) + 12414201012 + 39303 + 120140503013 

12020305023 + 69793(0, 03 + 202) + 69593(0503 + 2033) + 12q19293(03012 + 2013023) + 124010301013 

12454305023 + 12414243(0: 013 + 2012023) + 12414243(0:(0э3 + 2013013) + 34404 + 12419404014 

12924,04024 t 12034,0034 t 64242 (0?о2 + 202) + 64242 (0202 + 2024) t 12014202 (02012 + 2014024) 

6424; (0202 + 2034) + 1201430, (02013 + 2014034) + 12424342(020э3 + 2024034) + 12014401014 

12459405024 + 129142d4(05 014 + 201204) + 12414244(01024 + 2012014) + 12434405 Оз4 + 12414344(0: 014 + 2013034) 
12424344(0:4 04 + 2073034) + 12414344(0 1034 + 2013014) + 12454344(0: 04 + 2023024) + 24(013034 + 013024 + 014023) 


II 
Ano 


4 Conclusion 


This paper presents fourth-order approximate covariance matrix expressions pertaining to measure- 
ment noise, under the typical assumption of zero-mean white noise for both the body and reference 
vector. It offers a clear exposition of the specific numerical derivation process and outcomes. Through 
comparative analysis with Monte Carlo results, it is demonstrated that these expressions provide greater 
accuracy compared to second-order approximations while mitigating singularity issues. Furthermore, 
they maintain the positive definiteness of the covariance matrix’s characteristic vectors. 


Appendix A Proof of Eqs. (8)-(9) 


The proof of Eq.(8), as follows: 
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The proof of Eq.(9), as follows: 
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Appendix В Proof of Eqs. (16)-(21) 


The proof of Eq.(16), as follows: 
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The proof of Eq.(17), as follows: 
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The proof of Eq.(18), as follows: 
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The proof of Eq.(20), as follows: 
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